A phononic crystal with an ultra-wide band gap is proposed, whose unit cell consists of a cross-like concave hole in the center and four square convex holes at the corners. The dispersion relations, modal kinetic energy ratio, and eigenmodes at edges of the band gaps are investigated by using the finite element method. The influence of the geometrical parameters of the convex and concave holes on the band gaps is further analyzed. After optimization, an ultra-wide band gap with gap-to-midgap ratio of 156.0% is achieved, with the filling fraction keeping a relative small value. Numerical results illustrate that the combination of convex and concave holes is a practicable direction for structural optimization of phononic crystals exhibiting ultra-wide band gaps.
Introduction: Phononic crystals (PnCs) have experienced great developments during the past decades. [1] The most salient trait of PnCs is the existence of band gaps, making them potential candidates for applications in many fields like vibration attenuation, acoustic isolation, sound collimation, [2] wave filtering, etc. Previous researches showed that the band gaps depend on several factors, such as material properties of components, lattice structure, and its geometrical parameters.
Much interest has been devoted toward PnCs with holes owing to the advantages of simple structure and easy fabrication. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] The consideration of PnCs with holes has been investigated for many applications, such as waveguide, [5] [6] [7] lightsound interaction, [8, 9] and acoustic isolation. [10, 12] To obtain broad band gaps, topology optimization is an effective means to explore previously unknown topologies. Many novel and innovative topologies of holey PnCs with broad band gaps have been proposed. [12] [13] [14] [15] [16] [17] However, with the genetic algorithms that are applied to solve the optimization problem, a limited population size may not exhaust all optimal-Pareto solutions and corresponding structures. In fact, topology optimization is a systematic way to design PnCs, and the final structure obtained from these algorithms cannot be controlled. The optimized design is highly dependent on the chosen optimization criteria. If additional constraints are not added, the final structure may turn out to be complex and quite difficult to manufacture. For instance, in order to open a wide band gap, a heavy mass and several slim connectors are generally necessary within the unit cell, which leads to large filling fractions of the solid material, in turn bringing about challenges for fabrication, stability of the structure, and overweight. Generally speaking, when comparing two holey PnC designs achieving similar band gap width, the one with the smallest filling fraction is generally preferable.
So far, most of the reported PnC structures, including those obtained from topology optimization, only contain either convex or concave holes. Comparatively, more attention has been paid to PnCs with convex cavities, such as circular or regular polygonal holes. Only a few works have considered their concave counterparts, such as cross-like [18] and snowflake-shaped holes, [19] although concave-holey PnCs [18, 19] and photonic crystals (PtCs) [20] are both known to generate broad band gaps. Furthermore, except for some topology optimization designs, [14, 15] the combination of convex and concave holes in the same structure has not been considered explicitly.
Compared to other PnCs that have been discussed in the literature, the PnCs with combined convex and concave holes proposed in this work have the following advantages: (i) ultrawide band gaps for both in-plane and out-of-plane waves, and a very broad complete band gap; (ii) simple topology with regular holes that can be easily fabricated; (iii) along with a significantly smaller filling fraction of the solid material, much thicker connectors and much lighter masses can induce ultra-wide band gaps that are useful to avoid stability and overweight problems; (iv) ultra-wide band gaps can be obtained in a wide range of geometrical parameters. As a whole, the proposed design is not only beneficial to improve applicability, but also to enhance robustness to manufacturing errors.
The Model of Ultra-Wide Phononic Crystal: As shown in Figure 1 , we propose a convex-concave combination 2D squarelattice PnC with a cross-like hole in the center surrounded by four square holes at the corners. Alternatively, the structure can be described as a central square surrounded by 4 L-shaped holes at the corners. In either case, the unit cell is formed by four lumps connected by four L-shaped connectors. A comparison of relative band gap widths with some published 2D PnC structures is summarized in Table 1 . In addition, the filling fraction is given in each case, together with the thickness of the connectors which is the smallest feature limiting the fabrication of the structure. Except for data from Refs. [15] [16] [17] , values are given for the same solid material, copper, to facilitate comparison. It is worth mentioning that for topology optimization, [15] [16] [17] the optimal designs for in-plane and out-of-plane waves are different structures. Comparing to Ref. [17] with the same thickness of connector h/a of 1/30, the structure has a much smaller filling fraction and a wider in-plane band gap though the out-of-plane and complete band gaps are slightly narrowed. It is seen that the combined concave-convex structure maximizes the combination of large complete band gap and small filling fraction.
As illustrated by Figure 1 , the geometry of the holes is determined by parameters b, c, and d. All three parameters are normalized against the lattice constant a in the calculation. For two-dimensional isotropic materials, wave propagation can be decoupled into in-plane modes and out-of-plane modes. Wave equations for the two modes can be written as
where ρ and ω represent mass density and angular frequency, the Lam e constants μ and λ can be expressed by Young's modulus E and Poisson's ratio ν.
Band structures are computed using the finite element method (FEM). Floquet periodic boundary conditions are imposed on pairs of opposite external boundaries of the unit cell, and free boundary conditions are set along the holes. All solutions are obtained by sweeping wave vector k along the edges of the irreducible first Brillouin zone. In band structures, reduced frequencies (ωa/2πc t ) are presented as a function of the reduced wavenumber (ka/2π), with c t ¼ ffiffiffiffiffiffiffi ffi μ=ρ p À Á denoting the transverse shear wave velocity. The modal kinetic energy ratio e r in the direction of propagation is defined as
where u and u || stand for the displacement and its component along the direction of propagation, and A denotes the area of the unit cell. , the primitive cell is centered on the concave cross-like hole surrounded by four square holes placed at the corners. In (c), the primitive cell is centered on the convex square hole surrounded by four L-shaped holes placed at the corners. Table 1 . Comparison on maximum of relative bandwidth (BG%) between the proposed model and some published structures with structural parameters (h, V f ) for in-plane, out-of-plane, and complete band gaps. BG% is the ratio of the bandwidth to the mid gap frequency. h and V f denote the thickness of the connector and the filling fraction of solid material.
<1/40 131.1, >0.5 135.9, >0.5 n.a., n.a. [16] <1/40 77.0, n.a. 122.7, n.a. 62.6, n.a. [17] 1 In order to understand the mechanism of band gap formation, four eigenmodes selected at the edge frequencies of the band gaps are presented in Figure 2 (c). The topology can be considered to be composed of four lumps and four L-shaped narrow connectors. For the four eigenmodes, one can consider that the lumps vibrate mostly as rigid bodies since they withstand much less deformations than the thin L-shaped connectors. For in-plane waves, the lower edge mode L1 is dominated by rotatory motion of the four lumps around their centroids and flexural vibrations of the four L-shaped connectors. The lump-connector system acts as a mass-spring system with a low resonance frequency. The upper edge mode L2 corresponds to the resonance of the connectors while the lumps remain almost stationary. Its two ends being fixed, every connector vibrates locally with coupled extension and flexure, and hence has a high eigenfrequency. Furthermore, two connectors move with the polarization in the propagation direction, while the other two connectors vibrate perpendicularly to the propagation direction. Similarly, the lower and upper edge modes S1 and S2 are antisymmetrical and symmetrical outof-plane modes, respectively. A similar mechanism was analyzed for PnCs with several topologies, [13] and with cross-like holes. [18] Owing to combination of convex holes with concave holes, the connectors have a L-shaped structure. As a result, the connectors have a small equivalent bending stiffness and a large equivalent tensile stiffness. The eigenfrequency of the lower edge then becomes smaller even though the lump does not have a large effective mass, while the eigenfrequency of the upper edge becomes larger. Compared with the 2D PnCs listed in Table 1 and with a 3D PnC [12] with a same thickness of the connectors, the proposed PnC opens an ultra-wide band gap while at the same time keeping a significantly smaller filling fraction.
As a note, at the edge modes L1 and L2, the modal kinetic energy ratio e r ¼ 0.5, which is in agreement with the previous discussion of vibration modes. e r ¼ 0.5 means that the kinetic energy of the longitudinal displacement is equal to the kinetic energy of the transverse displacement. Hence, we call this condition energy balance. We further find that the energy balance phenomenon also appears in the corresponding edge modes of the circular-holey or cross-holey PnC.
To obtain the largest band gaps, optimization of geometrical parameters is conducted inductively. Firstly, the influence of the 
, these geometrical parameters correspond to small filling fractions 0.31 and 0.39. It is quite different from other either concave or convex holey ultra-wide PnCs, [13, 18] for which the maximum BG% always appears when the filling fraction is large.
The optimum band gap widths and the corresponding optimal geometrical parameters are presented as a function of the thickness h of the connectors in Table 2 . BG% increases from 97.9 to 155.9% for in-plane modes, and from 61.7 to 108.8% for out-of-plane modes, as h decreases from 0.065a to 0.025a. The bending stiffness κ of the L-shaped connectors is proportional to the cubic power of the thickness h. As d/a increases, the connector thickness decreases due to the relation
Þ=2 also decreases. Therefore, the lower edge of the in-plane band gap determined roughly by ffiffiffiffiffiffiffiffi ffi κ=m p still decreases monotonically. In contrast, for its upper edge, the connectors with two ends fixed vibrate mainly according to an extension mode whose eigenfrequency is independent of the thickness. As a result, its upper edge frequency varies only a little. As antisymmetrical and symmetrical modes respectively, the edge frequencies of the outof-plane band gap S1 and S2 have opposite tendencies with the variation of d/a.
Conclusions: An ultra-wide 2D square-lattice PnC has been proposed that possesses ultra-wide band gaps for a large range of geometrical parameters, while keeping thick connectors and a relatively small filling fraction. As combination of convex and concave holes, the structure of L-shaped connectors and lumps is critical to induce ultra-wide band gaps. A maximum band gap width of up to 156.0% was found after optimization. Structures combining convex and concave holes would further be good starting designs for further topology optimization of phononic crystals where the filling fraction has to be minimized as the band gaps are maximized. www.advancedsciencenews.com www.pss-rapid.com
